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Prediction of Vibrational Relaxation in Hypersonic
Expanding Flows Part 1: Model Development

Stephen M. Ruff in*
Georgia Institute of Technology, Atlanta, Georgia 30332-0150

A number of experiments in nozzles have indicated that the Landau-Teller vibrational relaxation model fails
to accurately predict the relaxation process in expanding flows. In the present study vibrational transition rate
equations are solved and the detailed calculations are used to develop a simplified relaxation model. The present
simplified relaxation model allows both non-BoItzmann population distributions in vibrationally heating and
cooling flows. This simplified model also includes the effect of anharmonicity on vibrational transition rates and
energy transfer.

Nomenclature
Ev = energy in level v per molecule, erg
(Aib)m = vibrational energy of species m per unit mass

(relative to ground state), erg/g
Fv = normalized adiabaticity function for simplified

anharmonic model
/'. = adiabaticity function for simplified anharmonic

model
h = Planck's constant, 6.6256 x 10 ~27 erg-s
Kv v. = transition rate coefficient from v to v', cmVs
k = Boltzmann's constant, 1.38054 x 10~16, erg/K
mm s = reduced mass of collision pair of molecule m

with species s, g
N = number density of gas mixture, cm~3

^Ici '2 = thermally averaged probability of transition from
v to v' and from v2 to v'2

p = static pressure, dyne/cm2

T = translational temperature, K
rvih = vibrational temperature based on energy in

vibrational mode, K
Tvibv

 = vibrational temperature based on population at
levels v and v + 1, K

t = time coordinate, s
u = streamwise flow velocity, cm/s
v = vibrational quantum level
vmax — highest bound vibrational quantum level
x = streamwise spatial coordinate, cm
a = interaction range parameter in exponentially

repulsive potential, cm"1

A£ = energy transferred from translation to vibration
per collision, erg

T/V = mole fraction of species s
(Ov)m = characteristic vibrational temperature of species

m, K
p = density of gas mixture, g/cm3

T = vibrational relaxation time, s
</> = local acceleration factor, evib/e^fb
$ = constant overall acceleration factor

Subscripts
E = thermal equilibrium condition
LT = Landau-Teller model
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m
s
t
v

= diatomic chemical species m
— chemical species 5"
= stagnation condition
= vibrational quantum level v

Superscripts
LT - Landau-Teller model
VT = vibration-translation collisions
VV = vibration-vibration exchange collisions

Introduction

I N high-temperature flows related to vehicles at hypersonic
speeds significant excitation of the vibrational energy modes

of the gas can occur. The vibrational energy is out of equi-
librium with translation in much of the external fluid region
and in engine inlets and nozzles. This thermal nonequilibrium
can affect both the radiative and convective heat transfer to
hypersonic vehicles.

The Landau-Teller relaxation equation is widely used to
describe vibrational energy transfer in high-temperature mo-
lecular gases. The Landau-Teller model1 is given by

(TLT)W, (1)

where (evib)m is the local value of energy in vibration for
molecule m, and (evib£)m is the equilibrium value. (TLT)W A, is
the vibrational relaxation time for a collision of molecule m
with species s. In the present study the correlation by Millikan
and White2 is used to determine (TLT)W 5. With vibrational
relaxation times inferred from postshock flows, this equation
has been shown to give good predictions for relaxation in
vibrationally heating environments.

A number of experiments in nozzles have indicated that
vibrational relaxation is faster in expanding flows than the
Landau-Teller model predicts. The amount of acceleration
observed in expanding flows is often described in terms of a
</>, by which the Landau-Teller rate must be multiplied in
order to agree with experimental data. A review of these
experiments and a discussion of the experimental uncertain-
ties is given by Ruff in.3

The vibrational master equations describe the details of the
vibrational relaxation process. These rate equations are gov-
erned by the rates at which molecules transition from one
quantum state to another during collisions. The two funda-
mental types of collisions that can occur are vibration-trans-
lation (V-T) and vibration-vibration (V-V) collisions. In a
V-T collision one particle does not change its vibrational
quantum state. In a V-V collision both colliding partners change
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their quantum states. The highest probability type of V-V
collision is a V-V exchange collision in which one molecule
increases its vibrational quantum state by one and the other
decreases by one quantum state. In these collisions the net
change in vibrational energy is transferred to the translational/
rotational mode.

Theoretical models proposed by Bray,4 Bray,5 and Treanor
et al.6 indicate that anharmonic collisional effects can accel-
erate vibrational relaxation in three ways:

1) Anharmonic V-T rates are faster than those assumed by
the Landau-Teller model and will tend to accelerate relax-
ation when there is a large degree of vibrational excitation.

2) Rapid V-V exchange rates cause mid and upper quantum
levels to be overpopulated, thus weighting the faster anhar-
monic V-T rates.

3) V-V exchange collisions transfer small amounts of energy
to translation directly due to anharmonicity. The Bray model,
which was based on transition rates by Schwartz, Slawsky,
and Herzfeld7 (SSH), has been shown to give qualitative, but
not quantitative, agreement with an experiment performed
by Blom et al.8 Studies by Center and Caledonia9 indicate
that anharmonicity can cause mild relaxation accelerations
for some cases in which experimental data has been taken.
Center and Caledonia9 have introduced an analytical expres-
sion for the ground state vibrational temperature, assuming
that there is no acceleration in the vibrational energy transfer
rate. It is unclear, however, whether or not there are con-
ditions for which significant acceleration in the vibrational
energy transfer rate can occur.

Calculation of the multidimensional flowfield around hy-
personic vehicles of interest requires theoretical models that
are both accurate and efficient. Because solution of the vi-
brational master equations is so computationally intensive a
more efficient model is desired for use in conventional real-
gas codes. In this study a simplified relaxation model is de-
veloped that allows both non-Boltzmann population distri-
butions and includes anharmonic transition rates and energy
transfer. The temperatures and pressures considered are such
that the rotational mode is fully excited and in the present
analysis detailed vibrational-rotational coupling is neglected
for simplicity. The model is designed to be much more com-
putationally efficient than a detailed master equation solver
while maintaining reasonable accuracy over a wide range of
conditions.

Anharmonic Model Overview
Extensive master equation calculations3 demonstrate that

in flows in which the vibrational temperature is greater than
the translational temperature (i.e., Tvib/T > 1), vibrational
energy transfer occurs more rapidly than the Landau-Teller
equation predicts. Tvib is the vibrational temperature based
on energy in vibration and is defined as

The second major consideration that must be addressed is
the fact that population distributions are not always the Boltz-
mann distributions implied by the Landau-Teller model. In
expanding flows the mid and upper levels are often overpop-
ulated relative to a Boltzmann distribution. This tends to
weight the fast upper-level V-T rates and further accelerate
relaxation. In this section, a very general population distri-
bution function is developed. This distribution function is
general in that it can describe typical distributions in both
heating and cooling relaxations.

Population Distribution Model
The vibrational relaxation equation derived in the next sub-

section relies on the use of a realistic population distribution
function. The Boltzmann distribution implied by the Landau-
Teller model is inappropriate for cooling relaxations suffi-
ciently far from thermal equilibrium. We begin by studying
two types of typical population distribution found in expan-
sions. A general model is then introduced that approximates
the most important observed features.

A typical population distribution for a diatomic species
undergoing vibrational cooling is shown in Fig. 1. This type
of distribution is typical at temperatures for which the V-V
exchange rates in the lowest levels are much greater than the
V-T rates in the lowest levels. The corresponding equilibrium
vibrational transition rates at the same translational temper-
ature are shown in Fig. 2. As described by Caledonia and
Center10 and by Bender,1' the distribution consists of the three
regions illustrated in Figs. 1 and 2. These regions are described
in the following paragraphs.

Region 3

10

10"

Vib. Energy Level, E v

Fig. 1 Typical population distribution for vibrational cooling of a
molecule dominated by V-V exchange rates in the lower quantum
levels.

7U - (2)

where R is the universal gas constant, and M is the molecular
weight of the molecule. The observation of faster relaxation
when Tvib/T > 1 supports the mechanisms proposed in Refs.
4-6. In order to accurately predict vibrational relaxation for
these conditions, two basic factors, which are not considered
by the Landau-Teller model, must be addressed.

First, the mid- and upper-level anharmonic V-T transition
rates can be much faster than those assumed by the Landau-
Teller model. In the model developed in this section the
deviation of the anharmonic rates from the harmonic oscil-
lator approximation is considered. An adiabaticity function
is developed that is a measure of the deviation of the realistic
rates from the harmonic oscillator rates. Also in this section
an energy transfer rate equation is derived that is quite general
and matches the results of the master equation solutions.

10
Vib. Energy Level, E v

Fig. 2 Typical equilibrium transition rates for a molecule dominated
by V-V exchange rates in the lower quantum levels.
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Region 1 corresponds to the low vibrational levels in which
the V-V exchange rates are much greater than the V-T rates.
For the example given, the equilibrium V-V exchange rates
are up to four orders of magnitude greater than the V-T rates
(the y axis is on a log scale). After a very short time period,
the V-V exchange quasiequilibrium described by Treanor et
al.6 is established. The near resonant V-V exchanges pump
vibrational quanta upward toward regions 2 and 3. The dis-
tribution in region 1 is described quite well by a Treanor
distribution6 given by

Tvih() is the ground state vibrational temperature and is related
to the slope of the population distribution at the lowest level.
<2vjh is the vibrational partition function and is the summation
of the exponential term in Eq. (3). It should be pointed out
that the Treanor distribution is equally applicable in both
vibrational heating as well as cooling relaxations as long as
the V-V exchanges are larger than the V-T rates in the lower
levels. In the present simplified model we will approximate
the vibrational energy level values by the first two terms of
the Dunham expression. The energy relative to the ground
state is

Ev « vkOv[l - xe(v + 1)] (4)

The anharmonicity factor xe is a measure of the departure
from a harmonic oscillator and the values used in the present
study are given by Chase et al.12 Beyond a certain quantum
level this two-term approximation results in values of Ev,
which decrease with increasing quantum number. The ap-
proximation is nonphysical beyond this level so that the max-
imum quantum number that can be considered with a two-
term Dunham expression is

vmax' = min{vmax, [(I - xe)/2xe]} (5)

where vmax is the actual maximum bound vibrational quan-
tum level.

In region 2 the V-T transition rates also become important
because the equilibrium rates are of the same magnitude or
greater than the V-V exchange rates. In this region the V-V
exchange rates still influence the distribution by tending to
pump vibrational quanta upward, however, the V-T rates then
act to transfer energy to translation. The V-T rates, which
increase with quantum number, limit the overpopulation caused
by the V-V exchange rates. This region is characterized by a
nearly constant slope of the number densities. Region 2 is
often responsible for much of the acceleration in relaxation
rates in expansions because the anharmonic V-T rates can be
much greater than those assumed by Landau-Teller.

As vibrational quantum number increases further, the V-
V exchange rates decrease and the V-T rates increase. In
region 3, which corresponds to the uppermost levels, the V-
T rates are much greater than the V-V exchange rates and
are also much greater than the V-T rates in the lower levels.
The V-V exchange rates are no longer effective in significantly
pumping quanta upward, and region 3 reaches equilibrium
with translation much faster than the remainder of the vibra-
tional levels. The distribution is Boltzmann at the local trans-
lational temperature, i.e.,

= [(yV),,,/Qvil,]exp[- (6)

The second type of case considered is for a relaxation in
which the V-V exchange rates are smaller than the V-T rates
for all levels. This type of situation exists at sufficiently high
translational temperatures because V-T rates increase more

rapidly with temperature than V-V exchange rates. The entire
distribution is governed by the effects of V-T transition rates
and the lower vibrational levels are essentially in nearly a
Boltzmann distribution at some representative vibrational
temperature. In the higher quantum levels the anharmonic
V-T rates become increasingly greater than those assumed by
Landau-Teller. Because the rates in the upper levels are so
rapid, these levels relax more quickly and achieve equilibrium
before the lower levels. The upper region behavior for this
V-T dominated case is similar to that in region 3 of the V-V
exchange dominated case.

We now develop a population distribution model that cap-
tures the dominant features in a wide variety of flows. The
assumed distribution consists of up to three regions and the
regions correspond to the three regions identified in Figs. 1
and 2. The quantum number that is the boundary between
regions 1 and 2 is taken to be v f , and the boundary between
regions 2 and 3 is v*. These parameters are obtained from
the equilibrium transition rates and are thus only functions
of translational temperature.

For v < v f , the V-V exchange rates dominate, vf is defined
as the quantum number at which the equilibrium V-T rates
become greater than the equilibrium V-V exchange rates, i.e.,

= minimum v for which

(7)

Note that if the V-T rates are greater than the V-V exchange
rates for all quantum levels, as is typical at sufficiently high
temperatures, then vf = 0.

For v > vj, the most rapid anharmonic V-T rates dominate
as in region 3 of Fig. 1. v* is thus defined as the quantum
number at which the equilibrium V-T rates are much greater
than the equilibrium V-V exchange rates, and the equilibrium
V-T rates are much greater than those assumed by the Lan-
dau-Teller model. Both of these criteria must be satisfied for
the onset of region 3. In the present solver the following
criteria are used to define v* :

v* = minimum v for which both

> 1 criterion 1

^i V,),,,.s, > 10(v + l)(Kr.S)m,,K <- criterion 2
(g)

The assumed population distribution for the present model
is shown in Fig. 3 for a V-V exchange dominated flow. The
true distribution is found from a solution of the master equa-
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• True Distribution
• Present Model
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atT
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Fig. 3 Comparison of the present population distribution model to
a typical distribution in vibrational cooling of a molecule dominated
by V-V exchange rates in the lower quantum levels.
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tions. The population distribution for the present simplified
model can be expressed by

(9a)

CO - vf = 0
v* - 4.404 + 4.444 exp(4.654 x W~4T)

(lid)

where

Z exP I -" T,
l' = () \ * wit

(9b)

and T'vih is a type of vibrational temperature at level v. The
population distribution for the present anharmonic model uses
the following expressions for 7"vib :

Tv-lb()

1 A:

1 - x

vih« /.. i i \. r (v + 1)

^vih,, * |_ ^ ~ ^(v + i)
r " i
[ ( v - l ) + v^'(l 2r,v)J

For Eq. (11) T is measured in Kelvin. Also, because vf and
vf represent quantum numbers, the values obtained from Eq.
(11) should be rounded to the nearest integer values.

It should be noted that vf and v* are functions of the
specific collision pair (m and s) being considered. However,
the population model given in Eqs. (9) and (10) represents
the resulting distribution of molecule m in a gas through col-
lisions with all possible collision partners. Thus, some aggre-
gate values of vf and v* must be determined for use in Eq.

for v < v f

For v < vf, the V-V exchange rates dominate and the dis-
tribution is approximated by the Treanor distribution given
in Eq. (3). For vf < v < v*, the V-T rates are significant
and the distribution is approximated by a Boltzmann distri-
bution at T'Vfo . For flows in which the V-V exchanges dom-
inate in the lowest levels we saw that the slope of the distri-
bution varies quite slowly in region 2. For flows in which the
V-T rates dominate at all levels the slope in this region is also
nearly constant. The present model uses a constant slope in
the population distribution for vf < v < v*, and is thus an
appropriate approximation for both types of flows. For v >
v*, the distribution is in thermal equilibrium due to very rapid
anharmonic V-T rates. The slope of the distribution is con-
stant in this region and that portion of the distribution is in
equilibrium with translation.

The advantages of the population distribution model given
in Eqs. (9) and (10) are its generality and accuracy. It is
equally applicable to both heating and cooling flows over a
very wide temperature range, and to both V-V exchange and
V-T dominated gases through specification of vf and vf . These
parameters are only functions of translational temperature
and require knowledge of V-T and V-V exchange transition
rates for the molecule under study. The transition rates com-
puted in Ref. 3 are used to determine vf and vf for collisions
involving N2 and CO. These parameters are plotted in Figs.
4 and 5 for N2 - N2 collisions. The results of the transition
rate calculations are well-correlated by the following curve-
fitted expressions:

N, - N,: = 24.62 + 6.424 x 10~2 exp(8.648 x 10-4r)
30.11 + 5.294 x

for vf < v < v*

for v > v*

(10)

(lla)

(10) when a mixture of various species is being considered.
We can introduce mixture components of these parameters
and designate them by vf and v*. The most accurate method
of determining vf and vf is quite involved and requires ad-
ditional comparisons of upper level V-V exchange and V-T
transition rates for all collision pairs and with variable species
concentrations. The complexity of the present model would
increase significantly if we included all the details of these
upper level transition probabilities. Instead, we seek a simple,
but general approximation for vf and vf . In the present study
the mixture components are taken to be weighted averages
of the collision-specific values defined in Eqs. (7) and (8).
Consider the collision of the diatomic molecule m with species
s. The influence of species s on the vibrational distribution of
m is proportional to the amount of species s present, i.e., 17,,
and the vibrational transition rates for the collision pair m -
5, i.e., (/v,,<)m,.v In this study the parameters vf and v* for
collision m — s are weighted by the mole fraction of species
s and the ground state V-T transition rate (K{ (^,lx. The ground
state V-T transition rate is related to the Landau-Teller re-
laxation time by

and so, the weighting factor used for collision m — s is

Thus, the approximations used for the mixture components
are given by

CO - CO:

vf - 2.242 + 6.285 exp(3.893 x 10"4r)
(lib)

* = 15.29 4- 4.765 exp[- 2.680
x 10 4(T - 3000)] + 1.331 exp[1.045
x 10-3(r - 3000)]

v\ = 32.82 + 9.796 x 10 -T
(lie)

(12a)

(12b)

For gas mixtures these expressions are used in Eq. (10) instead
of the collision pair-specific values of vf and v*.
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Fig. 4 v^ vs translational temperature for N2 — N2 collisions.
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Fig. 5 v| vs translational temperature for N2 — N2 collisions. See
Eq. (8) for definitions of criterion 1 and criterion 2.

Vibrational Energy Transfer Rate
In this section we derive an equation that predicts the vi-

brational energy transfer rate of an anharmonic oscillator
undergoing either vibrational heating or cooling. In Ref. 3 it
is shown that vibrational energy transfer is accomplished al-
most exclusively through V-T transitions for a very wide range
of conditions. The efficiency of these transitions is affected
by the overpopulated distributions caused by V-V exchange
collisions. However, the energy transfer caused directly by
V-V exchange collisions is only found to be significant for
extreme conditions of thermal nonequilibrium (e.g., TV-JT >
4.5 for N2 with T = 5000 K). If we refer to the three causes
of vibrational acceleration discussed in the Introduction, it is
reasons 1 and 2 that by far have the most dominant effect.
Accordingly, the simplified relaxation model presented in this
section neglects energy transfer accomplished directly through
V-V exchange collisions. Neglecting V-V exchange energy
transfer greatly simplifies the resulting relaxation equation
without introducing significant error for a very wide variety
of cases.

The Landau-Teller model approximates the molecules as
harmonic oscillators and implicitly assumes that the popula-
tion distribution is Boltzmann. Because the Landau-Teller
relaxation equation considers only harmonic oscillators, the
assumed V-T probabilities for that model are of the form

(13)

quantum number increases the spacing between the energy
levels, i.e.,

= Ev+l - Ev « kBv[l - 2xe(v + 1)] (14)

decreases. The transition matrix elements and other terms in
the probability are functions of AE,, and can cause the an-
harmonic probability to be significantly different from the
Landau-Teller, harmonic oscillator, value given in Eq. (13).
We can write the anharmonic V-T transition rate for collision
of species s with molecule m as

(15)

where (/'.),,,,.v is an adiabaticity factor that is a function of v
(and A£,), and describes the departure of the most accurate
transition rate values from those assumed by Landau-Teller.
The adiabaticity factor is normalized so that (Fv = 0),,, v = 1
and the ground state value of the probability matches the
Landau-Teller rate.

Computing the most accurate vibrational transition rates
can be a very computationally intensive process. For the pres-
ent simplified model we seek an accurate but relatively simple
expression for the adiabaticity. An accurate expression for
the V-T probabilities is given and validated in Ref. 3. By
studying the order of magnitude of each of the terms it can
be shown that the variation in the probability can be approx-
imated quite well if the following adiabaticity factor used for
collision pair m — s:

(F,.)m.v = (16a)

where

(/;.),„, = • exp CV I /T\ 1
(AE,.)2^-^- - (AE,.) (16b)

K \C?,,/ J

= -3 (16c)

AE, and the first term in the exponential are based solely on
known molecular parameters and are easily computed for
various diatomic species. The second term in the exponential
is a correction factor to the SSH rates that improves the ac-
curacy of the transition rates at high temperatures. The con-
stant CYT is a function of the collision pair considered, and
CY1 = 1.72 x 10~3 is used for N, - N, collisions, whereas
CY1 = 1.92 x 10-3 is used for CO - CO collisions. These
values are obtained by correcting the SSH rates so that they
agree closely with the more realistic Billing semiclassical
model.13 The values given result in realistic rates for N2 —
N2 up to at least 6000 K, and for CO - CO up to approxi-
mately 3000 K. Using CT1 = 0 results in rates that agree well
with the original SSH7 and the Keck and Carrier14 formula-
tions.

Now that we have an expression for the anharmonic V-T
transition rates we can develop the energy relaxation equa-
tion. We begin with the vibrational master equation. If we
consider only nearest neighbor transitions and use probabil-
ities in the form given by Eq. (15), then we can show that
the anharmonic vibrational energy transfer rate reduces to

However, the anharmonic V-T rates increase more rapidly
with quantum number than this expression indicates. As the

D(gvib)».
(TLT)IM,,

(17a)
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where

(v (17b)

This expression is quite general, and the local acceleration
factor </>,„ v is the ratio of the anharmonic energy transfer rate
to that predicted by the Landau-Teller model. Equation (17b)
is evaluated for the present model by using the expressions
for vmax', AEr, (/%,),„ v, and (Nv)m given in Eqs. (5), (14),
(16), and (9), respectively.

In order to compute the population distribution at a given
location in the flowfield [i.e., (Nr)m], we need to know the
value of rvihu at that location. We need to be able to determine
7vih() as a function of vibrational energy at that location. Un-
fortunately, for a realistic anharmonic population distribution
there is no closed-form analytical expression for rvib() as a
function of (ev-lb)m. However, we can determine rvih() for a
given value of (evih),,7 by using an efficient Newton-Raphson
iterative scheme. In a Newton-Raphson scheme we deter-
mine the value of rvih() for which the function g(Tv-b(]) = 0.
We assume an initial value for rvih(), and the (n + l)th ap-
proximation for Tvib() is given by

where

P (7X'iho)2

, = 2 exP

J4 ~ G2G^

G3 = 2, v exp I -
ev——

/ vih

E v£,.exp - v — ̂
r-« V 'v ih , .

(18a)

(18b)

(18c)

(19a)

(19b)

(19c)

(19d)

r'v'ii,,. is the value of 7"vihi given in Eq. (10) based on T"ihi>.
The initial value of T'vib(lused in the present study is

(20)

Using this initial value normally allows the following conver-
gence criterion to be met in three iterations:

error" = \g"/(evib)m < 1.0 x 10 ~ 3

By using this procedure, we can determine Tvih(), (Nr)m, </>,„,..,
and the vibrational energy transfer rate for an anharmonic
oscillator.

Conclusions
In this article an anharmonic relaxation model is developed

that is much more realistic than the widely used Landau-

Teller model and much less computationally demanding than
a master equation calculation. The model is based on anhar-
monic transition probabilities and allows non-Boltzmann pop-
ulation distribution that may occur in expansions as well as
compressions.

Having now presented the anharmonic vibrational relaxa-
tion model we must address three key questions:

1) How accurate is the model compared to master equation
solutions and experimental data.

2) What is its range of applicability.
3) Is the computational requirement prohibitive for use in

multidimensional flow codes. These issues are addressed in
Part 2 of this study.15 In that article, the performance of the
simplified model is compared with experimental data, detailed
master equation results, and with the Landau-Teller model.
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